The control charts with exponentially weighted moving average (EWMA) had been shown to be effective for detecting small shifts in the mean of the process characteristic. When the data depart from normality or have the presence of outliers, the sample median might be used to provide a fairer representation of centrality of the data. In the present paper, the performances of the EWMA median control charts are evaluated under several distributions. The average run length (ARL) is applied to evaluate the performance of control charts, and the method for calculating ARL of the EWMA median chart is developed using the integral equation approach. Based on our study, the EWMA median chart with a small value of smoothing constant has a low false alarm rate. But as the shift of process mean is large, to maintain the detection ability of the chart, the value of smoothing constant should be increased. In addition, if the data follow a heavy-tailed distribution, it can be shown that the EWMA median chart is always more efficient than the EWMA average chart in detecting the shift of process mean.
Introduction
Statistical process control is an effective approach for improving product quality and saving production costs for a firm. Since 1924 when Dr. Shewhart presented the first control chart, various control chart techniques have been developed and widely applied as an important tool in statistical process control (e.g., see Akram et al., 2012) . The major function of control charting is to detect the occurrence of assignable causes so that the necessary corrective action can be taken before a large quantity of non-conforming product is manufactured. The control chart technique may be considered as the graphical expression and operation of statistical hypothesis test. Researches on the designs of various control charts may be traced back to 1960's and a lot of theoretical developments and applications on control charts can be still found in recent literatures, such as Haridy et al. (2012) , Chou et al. (2013) , Requeijo and Cordeiro (2013) , Karaoglan and Bayhan (2014) , Liu et al. (2014) . The control charts with exponentially weighted moving average (EWMA) scheme was first introduced by Roberts (1966) and had been shown to be effective for detecting small shifts in the mean of the process characteristic (e.g., see Saccucci and Lucas, 1990) . From the statistical viewpoint, a moving average is a calculation to analyse data points by creating a series of averages of different subsets from the full data set. A EWMA is an example of weighted moving averages, where the weighting factor for each older datum point decreases exponentially, never reaching zero. The statistical properties of the EWMA control charts had been numerically investigated by many authors, e.g., Chou et al. (2008) , Lin and Chou (2011) , and so forth.
Traditionally, when designing control charts, one usually assumes that the measurements or collected data in the subgroup are normally distributed. However, this assumption may not be tenable in some production processes. Li et al. (2010) proposed two ways to address the problem caused by non-normality. The first one is to modify parametric control charts according to the underlying distribution, and the second one is to use distribution-free control charts. Non-parametric or distribution-free control charts are useful in statistical process control when there is a lack of or limited knowledge about the underlying distribution of the process characteristic. Recent investigations of the non-parametric control charts based on median or Wilcoxon rank-sum statistic have been discussed in Chakraborti et al. (2001 Chakraborti et al. ( , 2004 , Castagliola (2001) , Khoo (2005) , Jones et al. (2009) , Graham et al. (2010 Graham et al. ( , 2012 and Li et al. (2010) .
From the standpoint of statistical theory, when the data are non-normal and have the presence of outliers, median might be insensitive to outliers and used to provide a fairer representation of centrality of the data. Castagliola (2001) proposed a EWMA median control chart for monitoring the process sample median under normal distributions, but the discussion about non-normality was not included. Chakraborti et al. (2004) studied the Shewhart-type median chart and derived the exact expression for its run-length distribution. Khoo (2005) proposed a Shewhart-type median control chart under contaminated normal distribution. Graham et al. (2010) proposed a Shewhart-type median control chart for monitoring the location of a continuous process distribution, where the control limits for a specified nominal false alarm probability were given from the multivariate hypergeometric distribution. However, the EWMA median control charts under non-normality were not evaluated and discussed in previous literatures.
In the present paper, the performances of the EWMA median control charts under various distributions are studied. The underlying distribution of the process characteristic employed in the present paper includes the normal, gamma, student's t and lognormal distributions. In the next section, the non-normal distributions and the EWMA median control charts are briefly reviewed. Then the performance of the control chart is evaluated under various distributions by assuming that the distribution parameters are known. A comparative study of the EWMA control charts based on sample median and sample mean are conducted. Then, a simulation study for the median control charts is provided and discussed when the underlying process parameters are unknown. Finally, some conclusions are drawn based on the study.
The distribution function of sample median
The underlying distribution of the process characteristic is usually critical to the design of control chart. In this section, four kinds of underlying distributions of the process characteristic, i.e., normal, gamma, student's t and lognormal distributions, are reviewed first. Then, the distribution function of the sample median, which is the base of a median control chart design, is briefly presented. Based on the distribution function of the sample median, the EWMA median control chart can be constructed. And finally the performance indicator of EWMA control chart is introduced.
The normal and non-normal distributions
Several authors, such as Borror et al. (1999) , Lin and Chou (2007) , Jones et al. (2009) and Li et al. (2010) , studied the robustness of control charts to non-normality, where the gamma and student's t distributions were used to represent various non-normal skewed or symmetric populations. In the present paper, in addition to the gamma and t distributions, the lognormal distribution is employed to represent an extremely heavy-tailed and skewed distribution function, which indicates that the process results in consequently a relatively high probability of the presence of outliers. Therefore, the normal, gamma, student's t and lognormal distributions are selected to investigate the effect of various population distributions on the performance of the EWMA median control chart.
The normal distribution, denoted by N(μ, σ 2 ), has the probability density function , skewness coefficient α 3 and kurtosis coefficient α 4 . Figure 1 depicts these distributions along with the corresponding normal distributions with the same mean and variance. From Table 1 and Figure 1 , it is noted that both Gam(1, 1) and LogN(1, 1) are very skewed to the right and far away from normality. Meanwhile, t(4) and LogN(1,1) are much more heavily tailed than the normal distribution. 
The distribution function of sample median
The sample median is defined as the middle value in a set of values when the values are arranged in order of magnitude and is denoted by . X Let {X 1 , X 2 , …, X n } denote an independent random sample of size n (for n > 1), taken from the population with a continuous distribution function F(x) and probability density function (p.d.f.) f(x), and {X (1) < X (2) < …<X (n) } denotes the order statistics of this subgroup. The sample median can be defined as follows:
, if is odd, i.e., 2 1, , if is even, i.e., 2 , 2
where k is an integer and k ≥ 1. Based on statistical theorem, when n is odd, the cumulative distribution function
respectively. The expected value and variance of sample median X are ( )
When n is even, the c.d.f. and p.d.f. of sample median are very complicated, and we do not intend to discuss this case in the present paper. The sample mean X is the most well-known statistic of the measure of central location, and has been applied in many process control charts. The main disadvantage of X is that it is sensitive to outliers. The expected value and variance of X are μ and σ 2 /n, respectively. On the other hand, the expected values and variances of sample median (for n = 5 and 15) are calculated from equations (8) and (9) under the aforementioned distributions and the results are given in Table 2 . From Table 2 , it is noted that the expected values of sample mean and sample median are identical if the underlying distributions are symmetric. The expected values of X are generally larger than expected values of X for right-skewed distributions. When the samples are taken from the normal distribution or any distribution not far away from normality, the variance of X is always smaller than the variance of sample median .
X However, when samples are taken from the extremely heavy-tailed distributions, e.g., t(4) and LogN(1,1), the occasional outliers occurring in the sample will lead to a large variance of .
X In addition, as sample size n increases, both variances of X and X decrease. Table 2 The expected values and variances for sample mean X and sample median X 
The EWMA control chart based on sample median
In the EWMA chart, the sample statistic considers the weighted average of the current and past sample points. It has been shown that the EWMA chart is very effective in detecting small mean shifts, e.g., Lucas and Saccucci (1990) and Borror et al. (1999) . The i th sample statistic Z i of the EWMA median control chart is defined as 1
(1 ) , for 1, 2,3 ,
where λ is a smoothing constant and 0 < λ ≤ 1, and i X is the sample median for subgroup i. If λ = 1, the EWMA control chart is reduced to a Shewhart-type control chart.
Denote respectively UCL and LCL as the upper and lower action limits of the EWMA median control chart. If the sample point falls outside the action limits, then the process is considered out of control. When the underlying process distribution parameters are known, the action limits are
where L is the action limit coefficient associated with the EWMA median control chart.
Performance measures of the EWMA median control chart
The average run length (ARL), which is defined as the average number of samples plotted on a control chart before the control chart signals an out-of-control condition, is applied to evaluate the performance of a control chart in the present paper. When the process starts in a state of in-control with the process mean μ 0 , the in-control ARL (denoted by ARL 0 ) may be used to develop the measures of the false alarm rate for a chart. A chart with a larger ARL 0 indicates a lower false alarm rate. When the process is out of control, the occurrence of the assignable cause results in a shift in the process mean from μ 0 to μ 1 , and the out-of-control ARL (denoted by ARL 1 ) is served as a measure of the performance of the chart. A chart with a smaller ARL 1 indicates the better detection ability for process mean shifts.
In the past literatures on EWMA control charts, several methods, such as the integral equation, Markov chain and simulation, are usually used to compute the performance measures. In the present paper, the method for calculating ARL of the EWMA median chart is developed using the integral equation approach and is shown in Appendix.
The performance of EWMA median chart with known process parameters
At the mention of the performance of the EWMA median control chart, we focus our discussion on the effect of non-normality on the false alarm rate of the chart when the process is in control and the effect of non-normality on the detection ability of the chart when the process is out of control. When the process is in control, a long ARL of the chart indicates a low false alarm rate. Meanwhile, when the process is out of control, a short ARL of the chart indicates a good detection ability of the shifts of the mean of the process characteristic.
The effect of non-normality on the false alarm of EWMA median charts
A Shewhart-type control chart can be represented by a EWMA control chart with λ = 1. Borror et al. (1999) compared the performance of the Shewhart X chart with EWMA X chart with λ = 0.05, 0.1, 0.2 under non-normality. They showed that the EWMA X control chart with a small λ is quite robust to non-normality. In the present paper, the EWMA median control charts with four different smoothing constants, i.e., λ = 0.05, 0.1, 0.2 and 1, are studied for comparison based on process data from aforementioned distributions. Table 3 presents the values of ARL 0 for the EWMA median control charts with a special L value which gives an ARL 0 approximately equal to 500 under normality. It is noted from Table 3 that the ARL 0 values of the EWMA median chart with λ = 0.05 are not far away from 500 under various non-normal distributions however, the ARL 0 values for the EWMA median charts with λ = 1 and 0.2 are much less than 500 for the non-normal distributions. Figure 2 shows the ARL 0 values for EWMA median control charts with various (λ, L) combinations under six process distributions. In Figure 2 , we can observe that for a specified λ value, the value of ARL 0 increases as L increases. From Table 3 , it may be concluded that the EWMA median chart with a smaller λ value has a relatively larger ARL 0 value and consequently a lower false alarm rate. This result is expected, because the EWMA statistic is a linear combination of sample medians, and a small λ indicates that more previous sample medians share the bulk of the total weight. Therefore, the EWMA statistic becomes 'more normal' and more robust to the non-normality than the individual sample statistics. As one can see, the Shewhart-type median control chart (i.e., λ = 1) generally has a relatively higher false alarm rate, especially as the underlying distribution is far away from normality, e.g., t(4), Gam(1, 1) or LogN(1, 1). Thus, if one ignores the effect of non-normality and designs the traditional Shewhart-type median control chart, the false alarm rate of the chart may be unreasonably high.
Table 3
The ARL 0 value of the EWMA median control charts with special L value which gives an ARL 0 approximately equal to 500 under normality Distributions n = 5 n = 15 
From Figure 2 (a), as the process data are normally distributed, the sample size n has an insignificant influence on the false alarm, e.g., the median control charts with n = 5 and 15 have similar values of ARL 0 . However, the sample size becomes significant on the false alarm when the process data are non-normal. A EWMA median chart with a larger sample size n has a relatively larger ARL 0 value and consequently a lower false alarm rate, e.g., see Figures 2(c) to (f).
The effect of non-normality on the detection ability of the EWMA median charts
For the study of detection ability, it is assumed that the process starts in control with the process mean equal to μ 0 and the standard deviation equal to σ. When the process is out-of-control, the occurrence of the assignable cause results in a shift in the process mean from μ 0 to μ 0 = μ 1 + δσ. The shift magnitude in μ is measured in the standard deviation unit, i.e., δ = (μ 1 -μ 0 ) / σ. Lucas and Saccucci (1990) showed that the EWMA X chart is substantially faster in detecting small mean shifts than the Shewhart X control chart when the observations are from a normal distribution. Consequently they developed a EWMA design strategy, that requires the user to specify two requirements:
1 a desired in-control ARL 0 2 the magnitude of a shift that is desired to be detected as quickly as possible. Table 3 indicates the control charts under study may not have the same false alarm rate such that it is difficult to compare the detection ability of these control charts with each other. To overcome this problem, the values of L are obtained from Figure 2 such that the ARL 0 values of these charts are equal to the predetermined values (i.e., the ARL 0 is set to be 500), and then the value of ARL 1 is calculated using the integral equation method given in Appendix. Tables 4 and 5 present the ARL 1 values of the EWMA X and X control charts and shift unit δ under various distributions. From Tables 4 and 5 , we confirm the expected result that the EWMA median control charts with a smaller λ (e.g., λ = 0.05) always have the better ability for detecting small shifts (i.e., δ ≤ 0.3) than those with a larger λ. But as the mean shift is large, to have a good detection ability, the value of λ should be increased. Particularly, the Shewhart-type median control chart has the better ability for detecting mean shifts as δ ≥ 1.5. In addition, increasing sample size n in the operation of the median control charts can substantially reduce the time required for detecting process shifts.
Table 4
The ARL 1 values of control charts under various distributions as ARL 0 = 500 (n = 5)
Dist. shift
Sample median X chart Sample mean X chart Table 4 The ARL 1 values of control charts under various distributions as ARL 0 = 500 (n = 5) (continued)
Sample median X chart Sample mean X chart 3.00 1.00 1.00 1.00 1.04 1.00 1.00 1.00 1.00 3.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2.00 1.00 1.00 1.00 1.00 1.00 1.00 1.14 1.80 3.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
For the comparison of the EWMA X control charts and the EWMA X control charts, the ARL 1 values of the EWMA X control charts under some distributions, such as N(0,1), t(10), Gam(3, 1) and Gam(1,1), are generally larger than the corresponding ARL 1 of the EWMA X control charts, which indicates that it usually takes more samples to detect the process shifts if the process data follow the normal distribution or the light-tailed distributions. However, the ARL 1 values of the EWMA X control charts under t(4) and LogN(1,1) are smaller than the corresponding ARL 1 of the EWMA X control charts. Here, we confirm the expected result that the EWMA median control chart is more efficient than the EWMA X control chart under heavy-tailed distributions, i.e., the cases with higher probability of the presence of outliers.
A simulation study: the EWMA control chart with unknown process parameters
In practice, we usually do not have knowledge of the underlying distribution and its parameters. There are two phases of statistical process control, namely, Phase I and Phase II. In Phase I, a substantial data set from the underlying process is collected. This data set is used to assess the in-control process distribution and to obtain the in-control process parameters, such as the mean, median and variance. In Phase II, the action limits of the chart are calculated based on the estimates computed from the in-control reference sample identified in Phase I, and then the user goes on to Phase II for monitoring prospective observations. If the sample point falls outside the action limits, the process may be considered as out of control which is caused by the assignable cause(s).
To construct a EWMA X control chart, in Phase I, a sample of m subgroups of size n was taken from an in-control process distribution. Then, the sample medians ( , 1,2, , ) The Phase II action limits for the EWMA X control chart are calculated as follows: The Phase II action limits for the EWMA X control chart are calculated as follows:
According to Li et al. (2010) , when the underlying process parameters are estimated, the action limits are actually random variables, which results in significantly large standard deviation of the run length (SDRL) and false alarm probability. Therefore, compared with the parametric EWMA control chart (i.e., the process parameters are known), the Phase II EWMA control charts may use relatively wider action limits. Li et al. (2010) also presented a EWMA chart based on Wilcoxon rank-sum statistic W for detecting process mean shifts. In Phase I, a sample of m subgroups of size n (i.e., N = mn observations) was taken from an in-control process distribution. In Phase II, a monitoring sample of size n was taken from the process. Combining these two samples together and arranging all (N + n) observations in ascending order, and let R j be the rank of the monitoring sample within all (N + n) observations, for j = 1,2,..,n and 1 ≤ R j ≤ N + n. The Wilcoxon rank-sum statistic W is defined as
The expected value and variance of W are calculated as follows:
The i th sample statistic Z i of the EWMA W control chart is defined as 1
(1 ) , for 1, 2, 3 ,
and the Phase II action limits for the EWMA W control chart are calculated as follows: Based on previous study, the EWMA chart with a smaller λ value (e.g., λ = 0.05) has a lower false alarm rate and a better ability for detecting small mean shifts. In the present paper, a Monte Carlo simulation is applied to compare the performance of the Phase II EWMA X control chart with the EWMA X control chart for λ = 0.05. Action limits are tuned for ARL 0 = 500. For the EWMA , X X and W control charts, the process parameters are estimated from Eqs. (12), (13), (15) and (16) with a sample of 30 and 100 subgroups (i.e., m = 30 and 100) of size 5 (i.e., n = 5), and μ W and σ W are calculated from equations (21) and (22). In order to determine the effectiveness of the Phase II EWMA control charts in detecting the mean shifts under various distributions, the simulation study is conducted to estimate ARL 1 by the EWMA control chart. The results are shown in Tables 6 and 7 , and the results are all based on the averages of 20,000 iterations.
From Tables 6 and 7 , compared with EWMA X chart, the values of ARL 1 for EWMA X charts are relatively large when the underlying distribution is normality or light-tailed distributions, e.g., N(0,1), t(10), Gam(3, 1) and Gam(1, 1) and the values of ARL 1 for EWMA X charts are relatively small when the underlying distribution is heavy tailed, e.g., t(4) and LogN(1,1). The simulation results are quite consistent with the general conclusions from Section 3. However, Tables 6 and 7 show that the EWMA W chart has smaller ARL 1 and better ability to detect small shifts when the underlying distribution is non-normal. But the EWMA W chart has larger ARL 1 and worse ability to detect large shifts. In practical applications, the EWMA X and X control charts require specific knowledge of the distribution which doesn't provide a practical solution. The EWMA W control chart is a good choice for detecting small shifts in mean under non-normality.
On the other hand, when the number of reference subgroups is large (e.g., m = 100), the performances of the EWMA control charts improve. This result should also be expected since the exact estimators of distribution parameters are computed from a larger number of reference samples, which can substantially reduce uncertainty and improve the performance.
Conclusions
Non-normal data commonly exist in many industrial processes. In such situations, the median might be used to provide a fairer representation of the centrality of the data. In the present paper, we employ the normal, student's t, gamma and lognormal distributions to evaluate the robustness of the EWMA median control charts to non-normality. First of all, the EWMA median control chart is briefly reviewed. Then the performance of the chart is evaluated under various distributions and assuming that the distribution parameters are known. A comparative study of the EWMA control charts based on sample median and sample mean are conducted. Then, a simulation study for the EWMA control charts is provided and discussed when the underlying process parameters are unknown.
Based on our study, some important conclusions, which are considered as the major contributions of the present paper, may be drawn as follows:
1 The EWMA median chart with a smaller value of smoothing factor has a relatively larger value of in-control average run length and consequently a lower false alarm rate. But as the shift of process mean is large, to have a better detection ability, the value of smoothing factor should be increased. 
